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Solving Compressed Sensing Inv. Problems

Estimation given y = Ax + w by constrained LS

1
X E argmin{f(x) :=E||y—Ax||z} s.t. x€C

Il NP-hard for most interesting models Signal/data

model

(e.q. sparsity [Natarajan’95])

lterative Gradient Projection (IPG)

Generally proximal-gradient algorithms are very
pOpU|ar: nonlinear |
approximation

k — k—1 T k-1 - projection
" = PC(x — ,UA (AX — y)) (reconstruction) (observation)

v
Gradient AT(AxX"1 —vy)), step size u, %{' /

Euclidean projection
P.(x) € argmin||x — x’||2 s.t. x' €C
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Embedding: key to CS/IPG stability

Bi-Lipschitz embeddable sets: Vx,x' € C

cx||x—x’||2 < ||A(x—x’)||2 S,[3|Ix—x’||2

Theorem [Blumensath’11] For any (C, A) if holds § < 1.5a, IPG - stable &
linear convergence: ||xX —xg|| > O(w) + 1, K ~ (logt™1)

Global optimality even for nonconvex programs!
Many embedding results exist, e.g. A~ i.i.d. subGaussian

Model C € R"

p (unstructured) points 6~2log(p) [Johnson, Lindenstrauss’89)]
d-dim affine subspaces 6~2d [Sarlos *06]
U{‘ K -flats 02 ([{ + log(L)) [Blumensath, Davies’09]
rank r (\/ﬁ X \/ﬁ) matrices 9_27"\/71 [Candés, Recht; Ma et al.’09]

‘smooth’ d dim. manifold Q_Zd [Wakin,Baraniuk’06; Clarkson 08]
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Challenges for IPG...

Exact oracles might be too expensive or even do not exist!

Gradient AT(Ax*"! —y))
« A too large to fully access or fully compute/update VVf

 Noise in communication in distributed solvers

Projection Pc(x) € argmin||x — x'|| s.t. x" € C
P, may not be analytic and requires solving an auxiliary optimization
(e.g. inclusions C = N; C;, total variation ball, low-rank, tree-sparse,...)
P, might be NP hard! (e.g. analysis sparsity, low-rank tensor decomposition)

« P, might be data driven —intrinsically approximate and requiring
exhaustive testing against data model

Is IPG robust against inexact/approximate oracles?
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Motivating example:
Magnetic Resonance Fingerprinting
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Quantitative MRI

Measuring the NMR properties (proton density, T1,
T2) for generating anatomical (e.g. brain) maps

More information, contrast,.. than Qualitative MRI.

Relaxation times

“...after excitation, nuclear spin magnetizations reach the
equilibrium by two independent relaxation processes”

T1 (spin-lattice) longitudinal decay exponent o
M,(t) = My eq - [Mz,eq - MZ(O)]e_t/T1 !t ]

T2 (spin-spin) transverse decay exponent
Mx,y(t) — Mx,y(o)e_t/Tz
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Standard approach

« Separate excitation sequences for T1 or T2
« Multiple readouts of the full k-space in different times (+ repetition)

« Equilibrium required before repetition (very long process ~ 30-45 mins)

« Curve fitting per voxel - T1,T2 il
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Magnetic Resonance Fingerprinting

Aim: simultaneous acquisition of all MR parameters at once

Tl N Am m b 0.15
1. Continuous Excitation / \

grees)

FA (d

of magnetic spin with a

1
1

rapid sequence of .
(random) RF pulses £ 1

1

0
0
0
44—+ 7
3
2
0

-0.1 -0.05 0 0.05 0.1 0.15
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2. Back project image
sequence from very
undersampled k-space
(spiral trajectory)

W W L
400 600 800 1,000
TR index

l

3. Use dictionary of
matched filters
(fingerprints) to
estimate parameters T2map
per voxel sequence
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Magnetic Resonance Fingerprinting
Aim: simultaneous acquisition of all MR parameters at once
1. Continuous Excitation : N WW b/ \

Of magneth Spln Wlth a 0 50 100 150 20(;R2iizexsoo 350 400 450 500 _I_ & 0.05 /\
rapid sequence of o R A L ” _0_05\@/

"2 Dictionary of matched filters calculated from Bloch
equation response:
2. Ba X(t) /T2
m
Se( 0 m(t
un( p t( ) m(t) x y B(t) - m” (t)/T2
(sp (m”(t) — meq)/T1
. g Can result in large dictionaries ~ 500K atoms
matched filters @ (G l
(fingerprints) to P

estimate parameters T2map
per voxel sequence

A\ o 1
\\\\\\\\
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MRF Is a product (tensor) space generalized CS

Multidimensional image data cube, X € CP*L, with a pixelwise data-driven
model:

C =Uij=1 _q i}, where {i;} = ¥ € Rt

MRF

SuchthatX,.€C, Vvp=1,..,P

Sub (k-space) sampling each image: Y = A(X) defined by:
Y:,l — A:,IX:,I — S(l)FHX:,l

For a sequence of subsampling operators S(1)

Inverse problem: argmin Y,||Y.; — S(l)FHX:,z”2
Xe[lp C(p)

Direct recovery complexity O(P9)!
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MRF via IPG

Replace direct solution by IPG step with separable Nearest Neighbour (NN, )
Search

IPG (I-NNsearch-G)

Xk = NN, ([Xk—1 — pAR (A(x*1) — Y)]p,:) ,Vp

Complexity = iter x (gradient+0(Pd))

(requires dictionary matching per pixel per iter.)

Sufficient RIP stability

Theorem [D. et al. 2014]: random uniform subsampling of
k-space each excitation (random Echo Planar Imaging)
sufficient for RIP

(Spiral appears not sufficient)
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Faster NN searches/Approximate searches

Trees: hierarchical partitioning + Brand & bound search. e.g., kd-trees,
Metric/Ball-trees, ...

Nagivating nets, Cover trees [Krauthgamer,Lee’04; Beygelzimmer'06]

Cover tree builds a multi-resolution sequence of epsilon-nets over the data

Atscale!l = 1, ...,L

B T 2

. [ P > ER TS

« Covering (parent nodes) o2 = =+ i
. . -1 o - ; ‘lF “Iljl”
« Separation (nodes appearing at scale |) a2 I I

(a) (b) (c)

Can also be used for Approximate NN

MRF (Bloch-eq) Manifold 06 MRF (Bloch-eq) Manifold 06 MRF (Bloch-eq) Manifold

(a) Cover tree segments at scale 2 (b) Cover tree segments at scale 3 (c) Cover tree segments at scale 4 (d) Cover tree segments at scale 5
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CT provably good ANN for ‘low dim’ data

Search options with cover trees

1. (1 + E)-ANN: as proposed by [Beygelzimmer et al.’06]
Typical (1 + €)-ANN complexity: [Krauthgamer + Lee 04]

20(dim(C)) 1gg(d) + ¢~9(dIm(C) jn time, 0(d) space

2. Fixed Precision (FP)-ANN: truncated tree at level L + exact NN
(complexity could be arbitrary large/theoretically)

3. Progressive (P)FP-ANN: progressively increase truncation level

In each case leads to an Inexact IPG:

Xk. = ANN; ([X"‘l — pAP (A(X*1) — y)]p’:) ,Vp
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Back to IPG....
Robustness & linear convergence
of inexact IPG
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Inexact oracles |I: Fixed Precision
xk = Pe(xh= —u 7 Fxk1))

Fixed Precision (FP) approximate oracles:

177 =7FOl <ve  [PeO=PcOI| <vp  (Pe()EC)
Examples: TV ball, inclusions (e.g. Djkstra alg.), and many more...

Progressive Fixed Precision (PFP) oracles:

17O =vrOl <ok |IPO-POI| <vk

Examples: Any FP oracle with progressive refinement of the approx. levels e.g.
convex sparse CUR factorization for vy ~ 0(1/k?) [Schmidt etal.’11]
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Inexact oracles Il: (1 + ¢)-optimal

(1 + e)-approximate projections combined with FP/PFP gradient oracle

Xk = Pec ekt — T f(F D))

Gradient |||7k fFQ)=VFO|| < vE

Projection ||P%;(x) — x| < @+0|lPc (@)~ xl,

i’\gc(X)hé—C

Examples

Cheaper low-rank proxies based on randomized lin. algebra [Halko et al.’11],
K-tree sparse signals [Hegde et al.’14], Tensor low-rank (Tucker)
decomposition [Rauhut et al.’16],
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IPG with (P)FP oracles
xk = Po(cht = p 7 f(x*1))

Remark:

p~t supresses the early stages errors

= use “progressive” approximations to get as good as exact!
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IPG with (P)FP oracles
xk = Po(ch ™t — p 7 f(x*1))
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IPG with (1 + €)-approximate projection
xk = PE(x* — u T f(xK 1)

Remarks.
- Requires stronger embedding cond., slower convergence!

- Still linear conv. & 0(w) + T accuracy after 0(log t~1) iterations

- higher noise amplification
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Numerical experiments 1: Toy problem
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2D manifold data

C =Uj=q. q (Wi} ; atoms ¥ € R™*4

CT level 2 CT level 3 CT level 4 CT level 5

Dataset Population | Ambient dim. (N) | CT depth

S-Manifold 57000 200 14
Swissroll 57000 200 14

Oscillating wave 57000 200 14
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Solution accuracy vs. lterations (FP)

Signal: X € R™* n = 200, P = 50 (randomly chosen € C)

mP X nP I.i.d. Normal A, CS ratio=m/n (noiseless)
. 2 _ _
min |ly —AI]" < Xf=ANN ([Xk 1— pAH(A(XF1) — y)]p),‘v’p

X‘UBCEH]'

Subsampling (M/N) =20%

0.
10 -* Bruteforce
—r=0.1
—r =0.05
10'1 L v =0.01
LC})J — 1 =0.001
. Z
Swiss roll c 102
s 10
=
o
w
10'3 |
10
0 10 20 30

[terations #
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Solution accuracy vs. lterations (PFP)

Signal: X € R™* n = 200, P = 50 (randomly chosen € C)

mP X nP I.i.d. Normal A, CS ratio=m/n (noiseless)
. 2 _ _
min C||y —AXI|” e Xk =ANN, ([Xk 1 pAl(A(Xx*1) - y)]p),‘v’p

Xvec€ j
o Subsampling (M/N) =20%
10 =» Bruteforce
—r=0.9
—r=0.7
10'1 - r=0.5
Ll —r=0.3
%) —r=0.1
Swissroll ¢ 452
£ k _ .k
7p]

0 10 20 30
Iterations #
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Solution accuracy vs. lterations (1 + €)-ANN

Signal: X € R™* n = 200, P = 50 (randomly chosen € C)

mP X nP I.i.d. Normal A, CS ratio=m/n (noiseless)
. 2 _ _
min C||y —AXI|” e Xk =ANN, ([Xk 1 pAl(A(Xx*1) - y)]p),‘v’p

X‘UBCEH]'

Subsampling (M/N) =20%

-* Bruteforce
—e=0
O —¢=0.8
10 e =17
LC})J —c=2.6
= e =3.5
. = _
Swiss roll c c=4.4
5102}
(@]
w
10_4 R T RO
0 10 20 30

Iterations #
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Phase transitions

Signal: X € R™* n = 200, P = 50 (randomly chosen € C)

mP X nP I.i.d. Normal A, CS ratio=m/n (noiseless) ~ averaged 25 trials

Recovery PT. Black/white = low/high sol. nMSE, red curve = recovery region
NMSE<10e-4)

[&)]

o
©
oo

w
o
o

\]

ANN parameter (r)
o
~

ANN parameter ()

—
©
N

(]

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
Subsampling (M/N) Subsampling (M/N)

(1 +¢€)-ANN IPG PFP-ANN IPG vz’f =rk
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Numerical experiments 2: MRF



BPI temporal slice

GT temporal slice
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MRF set up

Multi-shot EPI k-space sampling: 16x
undersampling per image with Pseudo-
random FA excitation [ma et al. 13}

200

400 600
Number of excitations

(a) Flip angles (FA)

800

100C

T2 map

B0 map

2000

1000

100
50

(msec) (msec)

(Hz)
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Accuracy vs. computation
Dominant cost-> NN/ANN (since A is FFT based)

Projection cost = # matches calculated (i.e. visited nodes on the tree)

Subsampling8:1

1200 R
* PFP-IPG
1000 + FP-IPG
o0 Subsampling8:1 £ o o Edipe
<)
+ O (1+¢)-IPG =
+ FP-IPG = 600
+ @
+ PFP-IPG & 100,
* Exact-IPG ]
L >
o 1072 + < 200 *
= .
0 - L ] L G < o
- Brute force 102 104 100 108
2 _ + Total NN cost
=2 o
8 107 / 250 - Subsampling8:1
6 -~ 0.2'0-8 'k L PFP-IPG
7 © N + FPPG
@ 200 O (1+e)-IPG
o E ® Exact-IPG
6 - © £ 150 -
10- ! L « 2 | (3
102 10* 108 108 Emo
Total NN cost 5
Z 50
+
0 o * s Fre - -
102 104 108 108

CT’s exact NN Total NN cost
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Some final thoughts...
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Spiral MRF: a RIP/null space failure?

Spiral subsampling fails to fully sample the outer reaches of k-space.

0.55 ——BLIP| -
¥ ™

0.5

0.45r

Normalized fidelity error

0 2 4 6 8 10 12 14 16
lterations

(a) T2 map reconstructed by TM  (b) T2 map reconstructed by IPG (c) Fidelity error for IPG through iterations

High frequency artefacts appear in iterated reconstruction (although data fidelity
still decreases) [cline et al "17; Golbabaee et al “18]

* RIP/null space failure?
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M R F' N ET [Golbabaee, Chen, Gomez, Menzel, D. *18]

Another way to approximate the manifold projection would be to train a DNN...

« Reducing computation and storage | = = e lon v

30

TM is pointwise but MRF-NET is piecewise affine o}
approximation to Bloch manifold projection (60x ‘
less storage & computation cf. subspace TM)

— -

* How efficient?

Trade-offs between # units (width/depth),
approximation level & manifold conditioning

T1 (MRF-Net) T1 (DM) T2 (MRF-Net) T2 (DM)

300

Can also be used iteratively...
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lterative extensions: MRF-AutoEncoder

“Information bottleneck”
deep iterations:
! Xk+1 « MRF-AE(XK — uFH (F,(X%) - Y))
B g SN
_T:_: 0 f \°7 Zx Promotes low-dim (manifold)
o temporal structures

\ )

Y

Generative part ©; = B(0;)
T2 map

(msec)

TM reconstructed IPG-MRF-AFE

(Phantom data, 1-coil, EPI sampling low data regime)
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Summary

IPG is robust to inexact oracles (under embedding assumption)
Linear convergence result:
 PFP/(1 + ¢)-oracles: same final accuracy vs. exact IPG
 PFP: same convergence rate vs. exact IPG

* (1 + €): stronger assumptions/sensitive to conditioning of A

0(103) faster parameter estimation in MRF

Can (empirically) accommodate other approximate projection

operators, e.g. DNNs
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