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Abstract

chi-distribution. The one-sided chi-distribution is a general distribution and can model super-Gaussian data. The one-sided
chi-distribution also possesses some special cases, e.g., the onesided Gaussian distribution and the Rayleigh distribution. The
estimator presented in [7] is therefore a special case of the estimator that we present in this paper.

Despite the fact that histograms of speech DFT coefﬁcients are
super-Gaussian, not much attention has been paid to develop
estimators under these super-Gaussian distributions in combination with perceptual meaningful distortion measures. In this
paper we present log-spectral magnitude MMSE estimators under super-Gaussian densities, resulting in an estimator that is
perceptually more meaningful and in line with measured histograms of speech DFT coefﬁcients. Compared to state-of-theart reference methods, the presented estimator leads to an improvement of the segmental SNR in the order of 0.5 dB up to
1 dB. Moreover, listening tests show that the proposed estimator leads to signiﬁcant improvement for the presented estimator
over state-of-the-art methods.
Index Terms: speech enhancement, log-spectral magnitude
MMSE, super-Gaussian

2. Notation and Basic Assumptions
We assume that the noisy microphone signal is windowed and
transformed to the DFT domain, leading to the noisy DFT coefﬁcient Y (k, i) with k the frequency bin-index and i the timeframe index. Further, we assume an additive noise model, i.e.,
Y (k, i) = X(k, i) + N (k, i)

where Y , X and N are the noisy speech, clean speech and noise
DFT coefﬁcient. The DFT coefﬁcients Y , X and N are assumed to be complex zero-mean random variables statistically
independent across time and frequency, and X and N are assumed to be statistically independent. We will use uppercase
letters to denote random variables and the corresponding lowercase letters for their realizations. Although all expressions in
this paper are per time-frame i and frequency bin-index k, we
will leave out these indices for notational convenience.
For the random variables Y and X we use a polar domain
jΘ
jΦ
notation,
√ i.e., Y = Re and X = Ae , respectively, where
j = −1. We assume that the noise DFT coefﬁcients N have
a complex Gaussian distribution. Generally speaking, this assumption holds for noise DFT coefﬁcients as the time-span of
dependency [8] for many noise sources is relatively short, see
e.g. [4]. Together with the assumption that X and N are independent, this assumption implies that


2ar cos(φ − θ) − r 2 − a2
1
fY |A,Φ (y|a, φ) =
exp
,
2
2
πσN
σN
(2)
2
with σN
the variance of the noise DFT coefﬁcients. The
phase Φ of the clean speech DFT coefﬁcients is assumed
to be uniformly distributed and independent from the clean
speech magnitude-DFT coefﬁcients A according to measured
histograms presented in [4][5]. Further, we assume that the
speech magnitude-DFT coefﬁcients are distributed according to
a chi-distribution, that is

1. Introduction
Commonly, speech communication systems are combined with
a noise reduction algorithm in order to increase their applicability in noisy environments. An often used procedure for
single-microphone noise reduction is to apply discrete Fourier
transform (DFT) domain noise reduction, where clean speech
DFT coefﬁcients are estimated on a frame-by-frame basis by
applying Bayesian estimators [1]. In [2] it was proposed to
estimate the clean speech DFT magnitudes by minimizing the
mean-squared error (MSE) under the assumption that the clean
speech and noise DFT coefﬁcients are complex Gaussian distributed. Based on the observation that measured histograms
of clean speech DFT coefﬁcients show super-Gaussian behavior, e.g., [3][4], spectral magnitude minimum MSE (MMSE) estimators were also derived under super-Gaussian distributions,
e.g., [5]. However, it can be argued that other distortion measures than the MSE of magnitude-spectra might be perceptually
more meaningful [6]. Based on such arguments it was proposed
in [7] to estimate clean speech DFT magnitudes by minimizing
the MSE of log-spectral magnitudes.
Despite the development of magnitude MMSE estimators
under super-Gaussian distributions on one hand and the fact that
minimizing the MSE of log-spectral magnitudes is perceptually
more relevant on the other hand, hardly any attention has been
paid to the development of log-spectral magnitude MMSE estimators under super-Gaussian distributions. In this paper we
derive log-spectral magnitude MMSE estimators under superGaussian distributions. This is done by assuming that the clean
speech DFT magnitudes are distributed according to a one-sided

fA (a) =

2β ν 2ν−1
exp(−βa2 ),
a
Γ(ν)

β > 0, ν > 0, a ≥ 0.

(3)
2
2
with β = ν/σX
[5] and σX
the variance of the speech DFT coefﬁcients. By computing the kurtosis of complex random variables for the clean speech DFT coefﬁcient X it can be shown
that for a ν-value ν < 1, X has positive kurtosis and is therefore
super-Gaussian.
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Further, we use the terms a priori SNR and the a posteriori
2
2
2
SNR, deﬁned as ξ = σX
/σN
and ζ = |y|2 /σN
, respectively.

part 2

3. Log-Spectral Magnitude MMSE
Estimators


d
1
(K 1/2 )μ |μ=0 = log K
dμ
2

part 3
Using [9, Eqs. 9.210.1 and 8.331.1] and the relation in Eq. (11)
we obtain

The estimator Â that minimizes the MSE in the logarithmic domain, i.e.,

2 
min E log A − log Â
,
(4)

d
dμ

=

Â

=

exp [E [log A|y]] .


Â =

T =

(6)

(9)
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+
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{Γ(ν + μ/2)} |μ=0
Γ(ν)
part 1

d
dμ

{M(ν + μ/2; 1; P )} |μ=0

(10)

Γ(ν)

=

1
ψ(ν).
2

(15)

exp [E [log A|y]]
r

G=

E [A|y]
,
r

respectively.
In Fig. 1a and 1b gain curves are shown for a priori SNR
of ξ = 0 dB and 15 dB, respectively, and for ν-values ν = 0.4
and ν = 1. From Fig. 1 we see that for the same ν-value, the
log-magnitude MMSE estimators lead to lower gain values than
the spectral magnitude MMSE estimators at lower a posteriori
SNRs. At higher a posteriori SNRs the gain values of the logspectral magnitude and spectral magnitude MMSE estimators

part 1:
Let ψ(ν) denote the psi or digamma function [10]. Using [9,
Eqs. 8.310.1, 0.410 and 4.352.1] it can then be shown that
{Γ(ν + μ/2)} |μ=0

Γ(ν + l) (ψ(ν + l) − ψ(ν)) l 1
.
P
2Γ(ν)
(l!)2

and

part 3

In the following part of this section we further elaborate on part
1, 2 and 3 in Eq. (10).

d
dμ

L=∞


G=

M(ν; 1; P )

part 2




ψ(ν)
T
exp
r,
2
M(ν; 1; P )
(14)

In Fig. 1 we compare the gain curves of the presented logspectral magnitude MMSE estimator derived under the prior
distribution in Eq. (3) and the corresponding spectral magnitude MMSE estimator under the same distributional assumptions, as a function of the a posteriori SNR ζ, for several values
for ν and several values of the a priori SNR. The gain G for
the log-magnitude and spectral magnitude MMSE estimator, respectively, are deﬁned as

P =
and where M(·) is the conﬂuent
with K =
hypergeometric function [10, Ch. 13].
d
E{Aμ |y}|μ=0 in Eq. (7) is then given by
The derivative dμ
=

exp

3.1. Comparison of Log-Spectral Magnitude MMSE and
spectral Magnitude MMSE Gain Curves

ζξ
ν+ξ

d
E{Aμ |y}|μ=0
dμ



1/2

In general this estimator needs evaluation of the summation in
Eq. (15), which can be truncated to L terms. The value of L
depends on the maximum value of the range of a priori and a
posteriori SNRs for which the estimator needs to be expressed.
From simulation experiments it followed that for a priori and
a posteriori SNRs in the range of −40 dB < ξ < 40 dB and
−40 dB < ζ < 40 dB and ν in the range of 0 < ν < 2
L = 15 · 103 is sufﬁcient. For slightly lower a priori and a posteriori SNRs or lower ν-values, a much lower number of terms
L is sufﬁcient. For all experimental results in this paper the estimator was tabulated with L = 15 · 103 . Further, notice that
when we set ν in Eq. (3) to ν = 1, i.e., speech DFT coefﬁcients
are assumed to have a complex Gaussian distribution, we obtain
the estimator proposed in [7].

By substituting Eqs. (2) and (3) into Eq. (8), followed by using
[9, Eqs. 8.431.5, 6.643.2, and 9.220.2] we obtain for ν > 0

r2 ξ
,
(ξ+ν)ζ

ξ
(ξ + ν)ζ

l=0

Using the assumption that the clean speech DFT phase Φ is
uniformly distributed and independent from A, the conditional
expectation in Eq. (6) can be expressed as
 +∞  2π μ
a fY |A,Φ (y|a, φ)fA (a)dφda
μ
E{A |y} = 0 +∞ 0 2π
. (8)
fY |A,Φ (y|a, φ)fA (a)dφda
0
0

Γ(ν + μ/2) μ/2 M(ν + μ/2; 1; P )
K
,
Γ(ν)
M(ν; 1; P )

(13)

with

By exploiting the ﬁrst derivative of Ψlog A|y (μ) in Eq. (6) the
estimator in Eq. (5) is given by


d
Â = exp [E [log A|y]] = exp
Ψlog A|y (μ)|μ=0 . (7)
dμ

E{Aμ |y} =

Γ(ν+l)(ψ(ν+l)−ψ(ν)) P l
1
.
l=0
2Γ(ν)
(l!)2 M(ν;1;P )

Summing the results of Eqs. (11), (12) and (13) followed
by substitution into Eq. (7), the MMSE estimator in Eq. (5) for
the distribution in Eq. (3) is obtained as

(5)

For complex-Gaussian distributed clean speech and noise DFT
coefﬁcients it was shown in [7] that the estimator according to
Eq. (5) can be derived elegantly by exploiting the moment generating function of log A|y. To be more in line with histograms
of speech DFT coefﬁcients we extend these results and present
estimators according to Eq. (5) under the chi-distribution.
Similar to [7] we exploit the moment generating function Ψ
of the random variable log A|y in order to derive the estimator
according to Eq. (5). Let the moment generating function of
log A|y be given by
Ψlog A|y (μ) = E [exp (μ log A) |y] = E [Aμ |y] .

1
{M(ν + μ/2; 1; P )} |μ=0 M(ν;1;P
)

∞

is given by [7]
Â

(12)

(11)

1320

(a)

(a)

2

1

SNRseg (dB)

1.5
G

4

Log−mag. MMSE ν=0.4
mag. MMSE ν=0.4
Log−mag. MMSE ν=1.
mag. MMSE ν=1

0.5
0
−15

−10

−5

0

5

10

15

20

25

30

3

7
6

1

5
0.5

1

1.5

4
0

0.5

(c)

1.5

1

1.5

1

1.5

(d)

−0.5

5

−1

4.5

1

SNRseg (dB)

G

8

2

0
0

(b)
2

(b)
Log MMSE
MMSE
ν=1

0.5
0
−15

−10

−5

0

5

ζ (dB)

10

15

20

25

30

−1.5

4

−2

3.5

−2.5
0

Figure 1: Gain curves at an a priori SNR of (a) 0 dB (b) 15 dB.
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Figure 2: Comparison in terms of SNRseg (dB) for speech degraded with (a)-(b) white noise at (a) 0 dB SNR (b) 10 dB SNR,
and (c)-(d) babble noise at (c) 0 dB SNR (d) 10 dB SNR.

are very similar. This behavior is not only typical for the νvalues demonstrated in Fig. 1, but is generally valid for all νvalues. That the log-spectral magnitude MMSE estimator has
lower gain values than the spectral magnitude MMSE estimator
can be proven by using Jensen’s inequality as was also shown
in [7], that is
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4. Experimental Results
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To evaluate the presented estimator we compare its performance
with the spectral magnitude MMSE estimator under the same
distributional assumptions, i.e. the estimator presented in [5],
using objective and subjective experiments. The speech signals
originate from the Noizeus [6] database and are degraded with
computer generated white noise and babble noise. All signals
are ﬁltered at telephone bandwidth and sampled at 8 kHz. The
noisy time domain signals are divided in frames of 256 samples
with 50 % overlap. For both analysis and synthesis a squareroot Hann window is used. For estimation of the a priori SNR
we use the decision-directed approach [2] and for estimation
of the noise variance we use the DFT-subspace based method
presented in [11].
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Figure 3: Comparison in term of SSNRseg (dB) versus
NSNRseg (dB) for speech degraded with (a)-(b) white noise at
(a) 0 dB SNR (b) 10 dB SNR, and (c)-(d) babble noise at (c) 0
dB SNR (d) 10 dB SNR.

4.1. Objective Evaluation
For objective evaluation we use segmental SNR deﬁned as [12]
SNRseg =

I−1
1
T
I i=0


10 log10

xn (i)22
xn (i) − x̂n (i)22

speech frames with energy within 50 dB of the maximum frame
energy in a particular speech signal. |P| denotes the cardinality
of P. Similarly, noise segmental SNR is measured as



nn (i)22
1 
NSNRseg =
T 10 log10
,
|P| i∈P
ñn (i)22


,

where xn (i) and x̂n (i) denote time-frame i of the clean speech
signal xn and the enhanced speech signal x̂n , respectively, I
is the number of frames and T (x) = min{max(x, −10), 35}
constrains the estimated SNR per frame to the range between
-10 dB and 35 dB [12]. For further comparison of enhancement
performance we measure speech segmental SNR as



xn (i)22
1 
SSNRseg =
T 10 log10
,
|P| i∈P
xn (i) − x̃n (i)22

where nn (i) is a noise frame, and ñn (i) is the residual noise
frame resulting from applying the noise suppression ﬁlter to the
noise only.
In Fig. 2 the performance of the log-spectral magnitude
MMSE and spectral magnitude MMSE estimator is expressed
in terms of SNRseg . For practically all input SNRs and the
whole range of ν-parameters the log-spectral magnitude MMSE
estimators lead to an improvement in the order of 0.5 dB up
to 1 dB. Since the log-spectral magnitude MMSE estimators
generally suppress more than their spectral magnitude counterparts it is expected that the increase in segmental SNR is due

where x̃n (i) is a frame of the time domain signal that is the
result of applying the gain functions to the clean speech frame.
To discard non-speech frames, an index set P is used of all clean
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to more noise suppression and will therefore lead to somewhat
more speech suppression as well.
To verify that the increase in segmental SNR is due to
more noise suppression we measure performance in terms of
SSNRseg versus NSNRseg as a function of the ν-parameter
and input SNR. These results are shown in Fig. 3. As expected, the log-spectral magnitude MMSE estimator leads to
a much higher performance in terms of NSNRseg , i.e., noise
suppression performance, but a somewhat lower speech quality SSNRseg . The × in Fig. 3 indicates the estimators for
ν = 0.1. The ν-parameter increases along the curves. We
see that as the ν-parameter increases, noise suppression performance decreases as well as eventually speech quality. The ∗ in
Fig. 3 indicates the special case for ν = 1, which was proposed
in [7]. Compared to this log-spectral magnitude MMSE estimator under Gaussian distributional assumptions, the proposed
estimators lead for certain choices of ν to a much better noise
suppression while maintaining similar speech quality.

Table 1: Average preference for method A and P-values of
Wilcoxon test.
input
experiment 1
experiment 2
SNR
pref. for A
P-value
pref. for A
P-value
5 dB
80 %
0.5 · 10−3
95 %
0.5 · 10−5
15 dB
76 %
1.4 · 10−3
83 %
0.7 · 10−6

tion measure with distributional assumptions that match with
measured histograms of speech DFT coefﬁcients, an estimator
is obtained that improves both in terms of objective as well in
subjective experiments over state-of-the-art reference noise reduction methods.
A MATLAB toolbox containing implementations of the
presented estimators can be downloaded from the website
http://ict.ewi.tudelft.nl/%7Erichard.
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5. Conclusions
In this paper magnitude MMSE estimators are presented that
minimize the mean-squared error of the log-spectra under assumption that speech DFT coefﬁcients are super-Gaussian distributed. By combining this perceptual more meaningful distor-
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