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Minimum Mean-Square Error Estimation of Discrete
Fourier Coefficients With Generalized Gamma Priors
Jan S. Erkelens, Richard C. Hendriks, Richard Heusdens, and Jesper Jensen

Abstract—This paper considers techniques for single-channel
speech enhancement based on the discrete Fourier transform
(DFT). Specifically, we derive minimum mean-square error
(MMSE) estimators of speech DFT coefficient magnitudes as well
as of complex-valued DFT coefficients based on two classes of generalized gamma distributions, under an additive Gaussian noise
assumption. The resulting generalized DFT magnitude estimator
has as a special case the existing scheme based on a Rayleigh
speech prior, while the complex DFT estimators generalize existing schemes based on Gaussian, Laplacian, and Gamma speech
priors. Extensive simulation experiments with speech signals
degraded by various additive noise sources verify that significant
improvements are possible with the more recent estimators based
on super-Gaussian priors. The increase in perceptual evaluation
of speech quality (PESQ) over the noisy signals is about 0.5 points
for street noise and about 1 point for white noise, nearly independent of input signal-to-noise ratio (SNR). The assumptions made
for deriving the complex DFT estimators are less accurate than
those for the magnitude estimators, leading to a higher maximum
achievable speech quality with the magnitude estimators.
Index Terms—Discrete Fourier transform (DFT)-based speech
enhancement, generalized gamma speech priors, minimum meansquare error (MMSE) estimation.

I. INTRODUCTION
INGLE-CHANNEL speech enhancement methods based
on the discrete Fourier transform (DFT) have received significant interest due to their low complexity and relatively good
performance, e.g., [3]–[9]. Assuming that the noise process is
additive and that noise and speech processes are independent,
these methods generally attempt to estimate either the underlying noise-free magnitudes of the DFT coefficients, e.g., [4],
[5], [9], or the complex-valued DFT coefficients, e.g., [8]. These
methods differ in the statistical assumptions with respect to the
clean speech DFT coefficients as well as to the noise DFTs; the
speech has traditionally been assumed Gaussian, e.g., [4], [5],
but recently estimators based on super-Gaussian distribution
assumptions such as Laplacian or Gamma distributions have
been derived [8]. A similar development has been seen for the

S

noise assumptions; most often the noise is assumed Gaussian,
but estimators exist which assume the noise to obey a Laplacian
distribution [8]. Finally, existing methods differ in the objective
they optimize for; most methods rely on the minimum-mean
square error (MMSE) criterion, e.g., [4], [5], but sometimes
computationally simpler estimators can be found with the
maximum a posteriori (MAP) criterion, e.g., [7], [10].
In this paper, we focus on MMSE estimators of the clean
speech DFT coefficient magnitudes as well as the complexvalued DFT coefficients. We assume that the noise DFT coefficients obey a (complex) Gaussian distribution as in [8]. For estimation of the speech DFT magnitudes, we assume a one-sided
prior of the form

(1)
where
is the gamma function. The random variable represents the DFT magnitude. Fig. 1 shows example densities for
and
, respectively. For
and
, the
Rayleigh distribution occurs as a special case. For this prior, the
short-time spectral amplitude (STSA) estimator derived in [4] is
the MMSE estimator. Also, for the Rayleigh prior, a MAP esti, a generalized MMSE esmator was derived in [11]. For
timator was derived in [12]. Furthermore, [13] presented a generalized MAP estimator and an online algorithm for estimating
the parameters of the generalized prior. For
, no generalized MMSE estimator is known in closed form, but a numerical
approximation was presented in [12]. An approximate generalwas derived in [7].
ized MAP estimator for the case
For estimation of the complex-valued speech DFT coefficients, we assume that the real and imaginary parts of the coefficients are statistically independent. We will derive MMSE
estimators for a two-sided generalized gamma prior density of
the following form:
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where the random variable
represents the real part of a complex-valued DFT coefficient; a similar equation holds for the
and
. Eximaginary part. We consider the cases of
amples of the resulting prior densities are shown in Fig. 2. These
densities (parameterized by and ) contain a number of special
cases for which estimators are already known. Specifically, for
, the prior parameterizes the Gaussian density
for which the Wiener estimator is the MMSE estimator [14]. For
, (2) has the Gamma and the Laplacian density as special
cases (
and
, respectively); MMSE estimators
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Fig. 1. Prior densities f (a) for (a)
variance.

Fig. 2. Prior densities f (s ) for (a)
normalized to unit variance.
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TABLE I
SPECIAL CASES OF THE GENERALIZED PRIORS IN (2) AND (1) FOR WHICH ESTIMATORS ARE KNOWN. FOR ALL ESTIMATORS , THE NOISE IS ASSUMED
TO BE ADDITIVE AND GAUSSIAN. INDICATE ESTIMATORS FOR WHICH NO EXACT CLOSED-FORM SOLUTIONS EXIST

for these are derived in [8]. Choosing
with
or
with
leads to bimodal priors. Although the estimators derived below remain valid for bimodal priors, we have
chosen to restrict in our evaluations to the range
for
and
for
to have unimodal priors
and thus be better in line with observed speech data, e.g., [8].
Table I summarizes the special cases of (1) and (2) for which
estimators (MAP or MMSE) have been documented in the
literature.
In this paper, we derive MMSE estimators for the DFT magnitudes assuming that these quantities are drawn from the single-

sided generalized gamma prior in (1). We will consider two
for which analytical exapproximations for the case
pressions can be derived, and will combine those approximations into one estimator, which is accurate everywhere and is
computationally simpler than approaches based on numerical
integration. We also derive MMSE estimators of the complex
clean speech DFT coefficients assuming the real and imaginary
parts follow the two-sided generalized gamma prior in (2). As
mentioned, specific choices of and lead to special cases
for which MMSE estimators already exist. However, the derived estimators are more general and therefore cover all pos-
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sible MMSE estimators (including the ones shown) in each of
the quadrants of Table I.
This paper is structured as follows. In Section II, we discuss
the validity of the assumptions made in the introduction and look
into the consistency between the models of complex DFT coefficients and magnitudes. In Section III, we introduce the signal
model and the notation used throughout the paper. Section IV
treats MMSE estimation of DFT coefficient magnitudes, while
Section V considers MMSE estimators of complex DFT coefficients. Filter characteristics corresponding to the derived estimators are shown in Section VI. In Section VII, we present
experimental results. Section VIII concludes the paper.
II. DISCUSSION OF THE MODELING ASSUMPTIONS
As outlined in the Introduction, existing DFT coefficient estimators, as well as the ones derived here, rely on a number of
assumptions with respect to speech DFT coefficients. In this
section, we discuss the consistency and validity of these assumptions. Let us first discuss the probability density functions
(pdfs) in (1) and (2). The pdfs contain the parameter which
(See Appendix I).
is related to the speech spectral variance
Since in practice
is unknown, it is estimated from the noisy
data, e.g., using the decision-directed approach introduced by
Ephraim and Malah in [4]. Consequently, the pdfs in (1) and (2)
are actually models for the priors faced in practice that are conditioned on the estimated speech spectral variance, rather than
on the true underlying (but unknown) value of . Martin [8]
and Lotter and Vary [7] showed that super-Gaussian models of
the real and imaginary parts as well as magnitudes of DFT coefficients, conditioned on speech spectral variances estimated by
the decision-directed approach, offer a better fit than a Gaussian
model. Hence, it is important to notice that the appropriate distributional assumption is related to the speech variance estimator used. For example, Cohen [15] suggests that for a different a priori SNR estimator based on GARCH models, the
Gaussian speech model is superior. A slight preference for complex Gaussian distributions has also been found for the DFT-coefficients from short analysis frames of individual speech sound
classes (vowels, plosives, fricatives, etc.) [16].
The second point concerns the consistency between the
models in the complex domain (real and imaginary parts) and
the polar domain (amplitude1 and phase). It is well known that
independent and identically distributed (i.i.d.) Gaussian real
and imaginary parts correspond to a Rayleigh distribution for
the amplitudes that is independent of the uniformly distributed
phase. Do i.i.d. generalized-gamma distributed real and imaginary parts lead to generalized-gamma distributed amplitudes?
It is not difficult to show that this is indeed the case for the
class of distributions. The value of the parameter in
the polar domain is then twice as large as the corresponding
value in the complex domain. Furthermore, amplitude and
phase are also independent, but the phase is not uniformly
distributed (except for the Gaussian case, of course). For the
case, these results do not hold in an exact mathematical
sense. However, an accurate fit can be made to the resulting
amplitude distribution with about the same ratio of two between
1We will use the words magnitude and amplitude interchangeably. They mean
the same, namely the absolute value of a complex DFT coefficient.
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case, the
the -parameters in both domains. As in the
resulting phase distribution is generally nonuniform. When we
start with a generalized-gamma model in the polar domain, and
assume uniformly distributed phase, the corresponding real and
imaginary parts are not independent, except for the Gaussian
case. However, simulations showed that a fairly accurate fit of
the pdf in (2) can still be made to their marginal distributions.
This bring us to perhaps the most important issue: how well
do the assumed distributions match actual speech data? Martin
[8] and Lotter and Vary [7] have measured the distributions of
speech DFT coefficients conditional on a certain narrow range
of high values of estimated a priori SNR. Contour lines of the
measured joint pdf of real an imaginary parts of the DFT coefficients are very nearly circular. A circularly symmetric joint pdf
means that the real and imaginary parts are uncorrelated (but,
as we shall see, they are not independent), and that the phase
distribution is uniform and independent from the amplitude distribution. Therefore, the noisy phase is an optimal estimator for
the clean phase [17].
In order to gain further insights, we performed a similar experiment leading to the contour plots of measured histograms of
real and imaginary parts shown in Fig. 3. As in Lotter [7], only
DFT coefficients have been taken into account for which estimated a priori SNR was between 19 and 21 dB. Ephraim and
Malah’s [4] decision-directed estimator was used for a priori
SNR estimation. The entire TIMIT-TRAIN database provided
the speech material, limited to telephone bandwidth, to which
white Gaussian noise at an SNR of 30 dB was added. The noise
variance was estimated for each sentence from noise-only segment of 0.64 s, preceding each sentence. Fig. 3(a) shows the
contours for the joint distribution; this distribution is very similar to the ones in [7] and [8]. Fig. 3(b) shows the contours for the
product of the marginal distributions. This plot is different from
Fig. 3(a), and therefore, even though real and imaginary parts
may be uncorrelated, there is clearly some dependency between
them.
In the derivation of the complex DFT estimators, the real
and imaginary parts are assumed independent for mathematical
tractability, but this is not entirely in line with measured speech
data. Still, we cannot predict beforehand in which domain we
will get the best speech enhancement performance, because of
the following reason: the parametric distributions of (1) and (2)
are only models of the actual conditional speech distributions.
The fits to measured data are not perfect in either domain, and
the derived estimators in each domain may not be equally sensitive to the modeling errors. In this paper, we will investigate the
performance of the generalized estimators, and will show experimentally that the amplitude estimators perform slightly better
than the complex DFT estimators under the assumed models.
III. SIGNAL MODEL AND NOTATION
We consider a signal model of the form
(3)
where
,
, and
are complex-valued
random variables representing the DFT coefficients obtained
at frequency index in signal frame from the noisy speech,
clean speech, and noise process, respectively. Applying the
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Fig. 3. Contour lines of measured distributions of real and imaginary parts normalized to unit variance. (a) Joint distribution. (b) Product of marginal distributions.

standard assumption that
and
are statistically
independent across time and frequency as well as from each
other leads to estimators that are independent of time and
frequency. This allows us to increase readability by dropping
the time/frequency indices, i.e.,
(4)
and introduce the following notation with respect to real and
imaginary parts as well as the modulus of the random variables
in question
(5)
(6)

Further, since the noise is assumed to be Gaussian,
can be written as [19]
(10)
where
is the 0th-order modified Bessel function of the first
kind. No assumption about the clean speech phase distribution
has to be made to derive this expression.
first, because the correWe will consider the case
sponding estimator can be derived without any approximations.
A. DFT Magnitudes,
Inserting (1) with

and

and (10) into (9) gives
(11)

(7)
where
. We will use uppercase letters for random variables and the corresponding lowercase letters for their realizations. We assume in this paper that the noise coefficients obey
a Gaussian distribution, with independent and identically distributed real and imaginary parts with
(8)
We introduce the following SNRs [4]: a priori SNR
and a posteriori SNR
, where we used
lower-case to represent a realization of the random variable
. We also define
, and
. From (8)
.
we have

where the superscript (2) emphasizes that
.
Using [20, Eqs. 6.643.2, 9.210.1, and 9.220.2] we can solve
and find
the integrals for
(12)
where
is the confluent hypergeometric function [21,
Ch. 13], and where we have inserted in (12) the relation between
and
given in (32). This result has also recently been
derived in [12].
B. DFT Magnitudes,
For
comes

IV. MMSE ESTIMATION OF MAGNITUDES
OF DFT COEFFICIENTS
In this section, we derive MMSE estimators of the magnitude
of the clean speech DFT coefficients. The MMSE estimator is
identical to the conditional mean [18] given by
(9)

the expression for the amplitude estimator be-

(13)
Unfortunately the integrals do not appear to have closed-form
solutions, which leads us to introduce two approximations of
(13), one of which is most accurate under low SNR conditions,
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Fig. 4. I and its approximations. (a) Taylor series expansion for small arguments. (b) Approximation for large arguments.

while the other is closer to (13) for high SNRs. With these approximations, the integrals can be solved in closed-form. Before
discussing the approximations, we introduce a change of variable that makes it clearer to see under what conditions the various approximations are expected to be accurate.
1) Change of Variable: For convenience the following transformation is made:
. In addition, we make use of
the relation in (31) between and the second moment of ,
. The expression for
now becomes

(14)

where we have introduced
. The approximations of (14) discussed below concern the Bessel function. The
function
attains its maximum
at a small value of when the exponentials decay fast and
rises slowly. In this case, it is especially important to approximate the Bessel function well at small arguments. This happens
when and/or
are small, i.e., at low SNRs. Note that is
the more dominant parameter of and , because is not present
in the quadratic term in the exponentials. In other cases, namely
high SNR conditions, the Bessel function should be accurately
approximated for large arguments.
, Low SNR Conditions: For low
2) Approximation of
SNR conditions, we approximate
by a Taylor series expan. The Taylor series of , truncated after
sion around
terms, is given by [21, Eq. 9.6.10]

Eq. 3.462.1] gives us an estimator,
rate for low SNRs

, which is most accu-

(16)
is a special function, called the parabolic cylinder
where
function of order [21, Ch. 19]. The superscript (1) stresses that
.
For
,
converges to
. This is because the
Taylor expansion in (15) converges and because changing the
order of integration and summation as is used in the derivation of
according to Fubini’s theorem [22].
(16) is allowed for
3) Approximation of
, High SNR Conditions: Using
the approximate estimator
under high SNR conditions
requires to be large for an accurate result. This leads to a high
computational load and numerical problems may result when
, the -functions, and the parabolic cylinder
evaluating
functions. In order to avoid these complications, we investigate
an approximation of (14) that is more accurate under high SNR
conditions. We apply the following well-known large-argument
approximation of [21, Eq. 9.7.1]:
(17)
Fig. 4(b) shows
and its approximation for large arguments.
Substituting this approximation in (14) and using [20, Eq.
3.462.1], we find for

(15)
Fig. 4(a) shows
and several truncated Taylor series expansions. We see that for small arguments, is approximated well
by only a few terms. Substituting (15) into (14) and using [20,

(18)

The approximation in (18) is most accurate when and
large and is large too.

are
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C. Combining Estimators
To get the best performance with these approximations a procedure is needed that decides which approximation to use under
what circumstances. One could evaluate (14) numerically whenfor the largest values of . This is a
ever possible, and use
computationally complex procedure. An alternative is to look
for a simple strategy for picking one of the two estimators, depending on the values of the parameters.
The faster the exponential term in the integrals in (14) decreases, the less important it becomes how well the Bessel
function is approximated for large values of . So generally
speaking, the approximation for small arguments is most accurate for low SNRs. The approximation (18) is more accurate
for high SNRs and large . Fortunately, the behavior of the approximations is such that a simple binary decision strategy can
be found that leads to good results. Specifically, it turns out
that the maximum of (16) and (18) is generally a good approxfor, say,
. This procedure is motivated
imation of
as follows. It can be proven (see Appendix II) that the approximation for low SNRs
is always smaller than
for all
. The approximation for high SNRs
can be both smaller
and larger than
depending on the values of the parameters. As we will show by simulation experiments, however, it
. It can be much smaller
can be only slightly larger than
though, but that happens for low SNRs. It turns out that the
obtained from
combined estimator
a simple binary decision leads to an accurate approximation
for all values of , , and . To illustrate the practical
of
use of the decision rule
, we refer
to Fig. 5, where gain curves versus the a posteriori SNR
are shown for
and for several values of . In each
plot, we show
,
, and
and see that taking
the maximum of
and
leads to a gain
close
to
.
was calculated by numerical integration
of (14).

^ Eq. (16),
= +5 dB, and

Fig. 5. Comparison of gain functions for amplitude estimators A
: and (a) 
dB, (b) 
A Eq. (18), and A for 
(c) 
dB.

= +15

^

=06

= 05

E. Computational Complexity
MATLAB implementations of the algorithms in [23] have
been used to evaluate the special functions (available at
http://ceta.mit.edu/comp_spec_func/). We have adapted these
programs so that they can handle vector arguments. The estican thus be evaluated in real-time on a modern
mator for
is more complex,
PC. The combined estimator for
because two estimators have to be evaluated and because of
the sums in (16). The sums can be efficiently computed by
making use of recursive relations [21, Eq. 19.6.4]. In this way,
the combined estimator can be evaluated in 2-3 times real-time.
In a practical system, for a fixed value of , all gain functions
can be evaluated offline for the relevant range of the parameters
and stored in a table. Computational complexity is not an issue
then.
V. MMSE ESTIMATION OF COMPLEX DFT COEFFICIENTS

D. Experimental Analysis of Errors Due to Approximations
The errors in the combined estimator have been investigated
for the range
,
dB
dB,
dB
dB. For this range,
could be
evaluated numerically. For larger , the accuracy of
only
increases, so its error will be smaller. For the binary decision
, the maximum positive error was 3.7 dB,
and the maximum negative error was 0.2 dB. A positive
error means that
was larger than the approximate gain
function. Using
the maximum positive error
decreases to 0.1 dB. The largest positive errors occur for the
lowest values of , and, for a given value of a priori SNR,
only for a small range of a posteriori SNRs, as can be seen
in Fig. 5. These results show that the simple binary decision
procedure generally works well. Furthermore, although
can be larger than
, it will not exceed it by more than
0.2 dB for the parameter range of interest. We will evaluate
the combined gain function
in the
following sections.

In this section, we derive the MMSE estimator of the clean
speech DFT coefficient . Assuming as in [8] that the real and
imaginary parts of ,
, and
are statistically independent,
it follows
(19)
We now consider estimation of
followed for . We have

; a similar procedure can be

(20)
Using the Gaussian noise assumption it follows

(21)
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A. Complex DFTS,
Using (2) with
, [20, Eq. 3.462.1] and the relation between and
given by (33) in Appendix I, we find the following expression for the conditional mean [2], [24]

(22)
where
(23)
Fig.
(

6. Input–output characteristics for
 = 2). (a) = 1. (b) = 2.

DFT

magnitude

estimators

+

B. Complex DFTS:
We now consider the MMSE estimator for
. Maintaining the Gaussian noise assumption, the conditional density
given in (21) remains valid. Using (2) with
and [20, Eq. 3.462.1], it can be shown that the conditional
mean estimator can be written as

(24)
where
(25)
It is easy to see that when
is small and
is not, the estimators for
(22) and
(24) are approximately equal
has the same value for both estimators.
when the quantity
VI. FILTER CHARACTERISTICS
In this section, we study the input–output characteristics for
the DFT magnitude estimators as well as for the complex DFT
coefficient estimators.
A. Magnitudes of DFT Coefficients
Fig. 6 shows examples of input–output characteristics for the
magnitude estimators. In Fig. 6(a), we consider the case
and
for the combined estimator
. In Fig. 6(b), we consider the case
for
. Further, the constraint
is used,
dB and
dB. The
and we consider a priori SNRs
input–output characteristics are more sensitive to values than
case, and a smaller value clearly leads to less
for the
suppression at higher input values and to more suppression for
lower input values.
B. Complex DFT Coefficients
Fig. 7(a) shows examples of input–output characteristics
of the complex DFT estimators for the case of
and
. For
, we recognize the

Fig. 7. Input–output characteristics for complex DFT estimators ( + 
2). (a)
= 1. (b)
= 2.

=

input–output characteristic of the Laplacian (two-sided exwe get the input–output
ponential) prior and for
characteristics of the two-sided Gamma distribution. For high
and the estimator
a priori SNRs, the relation between
is almost linear. At low a priori SNRs, the relation
is nonlinear, especially for small values of , i.e., more peaked
priors.
For the
case, we consider
.
gives a Gaussian prior, while lower values
Choosing
of correspond to more peaked distributions. Fig. 7(b) shows
input–output characteristics for the resulting MMSE estima, the Wiener estimator occurs [solid line
tors. For
in Fig. 7(b)]. For all other choices of , the estimators are
.
nonlinear in the noisy observation
VII. EXPERIMENTAL RESULTS
In this section, we present experimental results obtained with
the complex DFT and magnitude estimators. For the experiments, we use the Noizeus database [25], which consists of 30
IRS-filtered speech signals sampled at 8 kHz, contaminated by
various additive noise sources. We added computer-generated
telephone-bandwidth white Gaussian noise as an extra noise
source, since it is not present in the data base. The frame size is
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256 samples, with an overlap of 50%. The decision-directed apwas used to estimate
proach with a smoothing factor
[4]. The noise variance was estimated with the minimum statistics approach [26]. Further, in all experiments the maximum
suppression was limited to 0.1, for perceptual reasons [8]. Experiments with a lower limit did not change the conclusions.
A. Objective Quality Measures
We measure the performance of the proposed estimators
using a range of objective speech quality measures. First, we
introduce the squared error distortion measures

Fig. 8. Measured squared error D
(b) SNR = 10 dB.

for white noise with (a) SNR = 0 dB.

(26)
and
(27)
for the magnitude and complex DFT estimators, respectively.
Our estimators assume speech presence. In order to avoid contamination of our experimental results by noise-only regions,
we discard nonspeech frequency bins by using an index set
denoting the DFT bins with energy no less than 50 dB below
the maximum bin energy in the particular speech signal. These
distortion measures evaluate the quantities for which the estimators are optimized.
In an attempt to express the objective performance of the estimators in terms of speech distortion and noise reduction separately, we follow the approach in [7] and define segmental
speech SNR as

^ , A^ , A^ ,
Fig. 9. SNR-S plotted versus SNR-N while varying  for A
the MAP estimator and the estimator of [4] for (a) input SNR = 0 dB, (b)
SNR = 5 dB, (c) SNR = 10 dB, (d) SNR = 15 dB.  decreases along the
curves from the left to the right. The range of  values is the same as for Fig. 8.

B. Magnitude Estimators
SNR

(28)

where the vector
represents a clean speech (time-domain)
frame, and is the result of applying the gain functions to the
clean speech frame. To discard nonspeech frames, an index set
is used of all clean speech frames with energy within 30 dB
of the maximum frame energy in a particular speech signal.
denotes the cardinality of . Similarly, noise reduction is measured as
SNR

(29)

where
is a noise frame, and
is the residual noise frame
resulting from applying the noise suppression filter to
.
Further, we use segmental SNR defined as
SNR

(30)

where
denotes an enhanced signal frame,
is the total
number of frames, and
, confining the local SNR to a perceptual meaningful range [27].
Finally, we apply the PESQ speech quality measure [28].

We evaluate the performance of the MMSE amplitude estimator
and two approximations of
, namely
and
; we included
in this comparison
to show that the combined estimator
has clear advantages
over using just the well-known high SNR approximation used
. Further, we make a comparison to a modification of
for
the MAP amplitude estimator as presented in [7], which is in
fact a MAP estimator under the generalized gamma distribution
. Details on the modified MAP estimator, which
(1) with
we refer to as
, can be found in Appendix III.
Fig. 8 plots
versus . We see that
improves over
and
, and that
does very well for
.
Fig. 9 shows performance in terms of SNR-S versus SNR-N
for several values of and speech signals degraded by white
noise. It is shown that for a fixed SNR-N performance,
often leads to the best speech quality. Furthermore, we see that
has the worst SNR-S versus SNR-N tradeoff.
In Fig. 10, an evaluation in terms of segmental SNR versus
is shown for the input SNRs of 5 and 15 dB and speech signals degraded with street noise and white noise. The estima,
, and
have a comparable performance and
tors
is much more
are relatively insensitive to . The estimator
sensitive to and shows maximum performance at
.
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Fig. 10. Performance in terms of SNR
versus  for the MAP estimator,
, A , A , and the estimator of [4] for (a) street noise at input SNR
dB, (b) street noise, SNR
dB, (c) white noise, SNR
dB, and (d)
white noise, SNR
dB. The legend of Fig. 8 applies.

A^

5

^

^

= 15

= 15

=5

=

^
5

^

^
= 15

= 15

=5

=

The maximum performance of all four estimators
,
,
, and
is approximately the same.
Fig. 11 plots PESQ versus for the input SNRs of 5 and 15 dB
and speech signals degraded with street noise and white noise.
C. Complex DFT Estimators
We first consider the squared error distortion measure
.
versus . The estimator based on a Gamma
Fig. 12 plots
prior
performs well, but choosing
leads to slightly
better performance. In Fig. 12 the amplitude estimators
and
are evaluated with
as well. Although counterintuitive, it shows that the amplitude estimators perform better
as measured by the
distortion measure than the complex
DFT estimators. This indicates that the underlying model assumptions for the complex DFT estimators are less valid for
natural speech than those of the amplitude estimators.
Fig. 13 shows performance in terms of SNR-S versus SNR-N
as a function of for the complex DFT estimators and speech
signals degraded with white noise. Clearly, the estimator based
gives relatively low speech
on the two-sided gamma prior
distortions (high SNR-S) for a given residual noise level.

=1

=2
=

Fig. 12. D
evaluated on complex DFT estimators with
and
and the amplitude estimators A
and A for white noise with (a) SNR
dB, and (b) SNR
dB. The special cases that correspond to the Gamma,
Laplace, and Gaussian priors are indicated by , , and , respectively.

0

= 10

^

^

+3

2

Fig. 13. SNR-S plotted versus SNR-N while varying  for the complex DFT
estimators for
and
for white noise. (a) Input SNR
dB. (b)
SNR
dB. (c) SNR
dB. (d) SNR
dB.  decreases along the
curves from the left to the right. The range of  values is the same as for Fig. 12.

=5

Fig. 11. Performance in terms of PESQ (MOS) versus  for the MAP estimator,
A , A , A , and the estimator of [4] for (a) street noise at input SNR
dB, (b) street noise, SNR
dB, (c) white noise, SNR
dB, (d) white
noise, SNR
dB. The legend of Fig. 8 applies.
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Further, the Wiener estimator (x) provides the weakest SNR-S
versus SNR-N tradeoff; as discussed in Section II, this suggests
that the speech distribution conditional on the estimated a priori
SNR is not well described by a Gaussian model. The Gaussian
model and thus the Wiener estimator may perform better for
a different a priori SNR estimator [15]. Also, rather simple
modifications of the Wiener estimator have been proposed
which significantly boost its performance (see, e.g., [29] and
[30, Ch. 2]). As expected [see comment after (25)], choosing
low values leads to similar performance of both classes
and
. Comparing with Fig. 9, we see that the maximum
achievable speech quality in terms of SNR-S is lower than for
the amplitude estimators.
D. Subjective Evaluation
Andrianakis and White [12] report that the MMSE estimators generally perform better than their MAP counterparts, in
the sense that weaker speech spectral components are better
preserved, while the residual noise has a much more broadband character. The better preservation of weak speech components is confirmed by our informal listening, although the
differences between the various estimators are generally small,
partly because the maximum suppression was limited to 0.1 for
introduces
all methods. The combined MMSE estimator
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,
slightly less speech distortions than the MAP estimator,
. The complex DFT estimators appear to give better
and
noise suppression and seem to introduce slightly less noise artifacts than the amplitude estimators, albeit at the cost of somewhat higher speech distortions (see also Figs. 9 and 13). Informal listening tests are in line with the objective results presented above concerning the influence of the parameter . For
, the perceived quality was rather insensitive to adjustchanges in had a bigger effect:
ments of , while for
for large values of , more residual noise but less musical noise
was present as compared to the smallest values of .
VIII. CONCLUDING REMARKS
This paper considered DFT-based techniques for singlechannel speech enhancement. In the first part, we extended
existing MMSE estimators of the magnitude estimators for
DFT-based noise suppression. The optimal estimators are found
under a one-sided generalized Gamma distribution, which takes
as special cases (different parameter settings) all priors used in
known noise suppression schemes so far. Deriving the MMSE
estimators involves integration of (weighted) Bessel functions.
In order to find analytical solutions, for some parameter settings
approximations were necessary. Ultimately, we combined two
types of Bessel function approximations using a simple binary
decision between the two. We showed by computer simulations
that the estimator thus obtained is very close to the exact MMSE
estimator for all SNR conditions. The presented estimators
lead to improved performance compared to the suppression
rule proposed by Ephraim and Malah [4]. Furthermore, the
maximum possible performance is slightly better than that of
state-of-the-art MAP amplitude estimators.
The second part of the paper dealt with MMSE estimators
of complex DFT coefficients by deriving two classes of estimators based on generalized gamma prior pdfs. Estimators from
typically perform better than the
class,
the class
except for small values of the parameter , where the estimators
are very similar. Applying a complex Gaussian model assumption for the complex speech DFT coefficients clearly leads to
suboptimal results. The amplitude estimators performed better
than the complex DFT estimators, even under the DFT distortion measure because the modeling assumptions in the complex
domain are less accurate than those in the polar domain.
Super-Gaussian priors have been proposed in the literature
because they fit better to measured distributions than the
Gaussian/Rayleigh priors. These measured distributions are
conditional on the estimated spectral variance parameters.
However, the super-Gaussian priors still do not perfectly match
the measured distributions. The independency assumption in
the complex domain is also inconsistent with the data. We think
further improvements in speech enhancement performance are
still possible by considering more sophisticated pdf models
and better spectral variance estimators [15], [31], [32] simultaneously. For certain types of distortions, other methods may
be more appropriate. For example, for very nonstationary or
impulsive noise sources, it may be very hard to estimate the
signal variance parameters. The signal-to-noise ratio may also
be very low, so that the signal is essentially lost in small time
intervals. For these kind of disturbances, signal reconstruction

techniques based on, e.g., time-frequency interpolation [10],
may possibly lead to more satisfying results.
APPENDIX I
SECOND MOMENTS
In this appendix, we derive expressions for the second
and
moments of the random variables with densities
as given by (1) and (2) for the cases
and
.
A. Single-Sided Prior
1) The Second Moment of for the Case
Eq. 3.381.4], it is straight forward to verify that
by

: With [20,
is given

(31)
2) Second Moment of
with the substitution
is given by

for the Case
: One can show
and [20, Eq. 3.381.4] that
(32)

B. Two-Sided Prior
1) Second Moment of
for
: Clearly, the mean of the
random variable
in question is zero,
, since the
is symmetric around 0. The variance then
distribution
equals the second moment. Using the definition of the gamma
integral [20, Eq. 3.462.9], it can be shown that
(33)
2) Second Moment of
in this case given by

for

: The variance of

is
(34)

where [20, Eq. 3.462.9] has been used.
APPENDIX II
INVESTIGATION OF THE SIGN OF THE ERRORS
IN APPROXIMATE ESTIMATORS
A. Approximated pdf
Notice from (14) that
of the following pdf:

is proportional to the mean value

(35)

The integral in the denominator provides for the proper normalintegrates to one. When one of the apization such that
proximations of the Bessel function discussed in Section IV-B
is made, it is used both in the numerator and the denominator of
or
(35), and the resulting estimate of the amplitude
can be interpreted as the mean of a different pdf that approximates the pdf in (35). Now it will be investigated under what
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conditions the mean of the pdf corresponding to a certain approximation is less than or equal to the mean of the original pdf.
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APPENDIX III
MODIFIED MAP ESTIMATOR
The estimator originally proposed in [7] was computed as

B. Condition for a Smaller Mean
We have just seen that for the approximations of (35), the
resulting amplitude estimate is the mean of an approximate pdf.
Roughly speaking: this approximate pdf will certainly have a
smaller mean than the original pdf when it has less probability
mass everywhere in the tail of the distribution. A sufficient (but
not necessary) condition for the resulting approximate pdf
to have a mean that is less than or equal to the mean of
is
(36)
for all and
. We look at ratios of function values
in (36) instead of differences between function values, because
for different approximations, the normalization in the numerator
of (35) is different. The normalization is automatically taken
, the
into account by considering ratios. In the limit of
condition becomes
(37)
The condition says that should decay faster on a logarithmic
scale. A logarithmic scale is needed to take care of the normalization. It will be shown next that this condition is met by the
.
approximation for low SNR conditions (16) for any
1) Approximation
for Low SNRs: It will be shown that
, for all finite . The Taylor expansion
in (15) becomes a more accurate approximation of
the
, is given
smaller becomes. Its derivative, denoted by
by
(38)
go to infinity, we arWhen we let the number of terms
rive at
and
, respectively [21, Eq. 9.6.10]. Define
. Since only the Bessel function is approximated here, the condition (37) is equivalent
to
. For
,
and also
. The condition (37) is true for
if
is monotonically increasing with ,
then approaches
from below.
since
Compared to
,
contains an extra term
in the numerator and an extra term
in the denominator. For any
, the ratio
are positive.
of those terms increases with , since all
This ratio is therefore larger than
, and it follows that
.
2) Approximation
: Equation (37) is not valid for all
values of for the approximation made in (18). This means that
may both be smaller and larger than
. That it can be
smaller is clearly visible in Fig. 5. This happens at low values of
a posteriori SNR, where
is generally a much better approximation. It can also be larger than the true value, but extensive calculations have shown that when this happens, the error
is not more than about 0.2 dB (see Section IV-D).

(39)
with
as in (10). However, in [7]
was not used
, but in a slightly different form
in the form (1) with
(40)
where and were treated as independent parameters although
is in fact completely specified by , see (43). Since an analytical solution to (39) is hard to find, the approximation (17) for
the Bessel function was made before taking the derivative with
respect to in (39). This led to the gain function
(41)
where
, and which is only valid for
. A joint
amplitude and phase MAP estimator was proposed as well. The
of the joint MAP estimator is given by
gain function
(42)
which allows for a broader range of -values, namely
.
The parameters and were estimated in [7] by fitting (40)
to clean-speech amplitude distributions conditioned on a small
range of high values of estimated a priori SNR.
The first of the modifications we make to this estimator concerns the number of free parameters in (40), (41), and (42). We
see that and
do not appear independently in (40), but only
, and therefore only represent one degree
as the quotient
of freedom. The parameter represents the second degree of
equals
by definition, it follows from
freedom. Since
(31) that
(43)
The second modification concerns the order in which the approximation of the bessel function is used and the derivative
of (39) is taken. More specifically, we compute the amplitude
MAP estimator by first taking the derivative and then using
, where
is the
the large-argument approximation
first-order modified Bessel function of the first kind. Interestingly, the resulting MAP gain function is identical to the joint
MAP gain function in (42), with given by (43). We will refer
to this amplitude MAP estimator as
.
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