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ABSTRACT
Although the linear mean-squared error (MSE) complex-DFT estimator, i.e., the Wiener ﬁlter, is well-known, its magnitude-DFT
(MDFT) counterpart has never been considered in the context of
speech enhancement. Therefore, certain theoretical questions regarding MDFT estimators remained unanswered. For example,
it is unknown to which extend the performance of existing MSE
MDFT estimators depends on the chosen speech prior, or on the
non-linearity of the estimators.
In this paper we present linear MSE MDFT estimators for
speech enhancement. In contrast to the linear complex-DFT estimator, the presented linear MSE MDFT estimators do depend on
the assumed distribution of the speech DFT coefﬁcients. Based
on objective and subjective experiments, it can be concluded that
the chosen speech prior, i.e., Gaussian versus super-Gaussian has a
signiﬁcant effect on the performance of MDFT estimators, while the
linearity as compared to non-linearity has only a minor inﬂuence.

remain unanswered. More speciﬁcally, it is unknown to which extend the performance of existing MSE MDFT estimators depends on
the chosen speech prior, or on the non-linearity of the estimators.
Besides theoretical interest, linear MDFT estimators might also
be of practical interest. More speciﬁcally, the fact that linear estimators are often of a simpler form than their non-linear counterparts,
might lead to some practical or implementational advantages of linear over non-linear MDFT estimators.
In this paper we study and derive linear estimators for clean
speech MDFT coefﬁcients. We will show that, in contrast to linear
complex-DFT estimators, linear MSE MDFT estimators do depend
on the assumed distribution of the speech DFT coefﬁcients. Therefore, for a certain distribution of the speech DFT coefﬁcients, a linear
as well as a non-linear MSE MDFT estimator can be obtained.
Further, by means of objective and subjective evaluations we
will analyse the linear and non-linear MSE MDFT estimators, leading to more insight on the difference between these estimators and
on the inﬂuence of the assumed underlying prior distribution.

Index Terms— speech enhancement, magnitude-DFT estimator
2. NOTATION AND BASIC ASSUMPTIONS

1. INTRODUCTION
A common strategy to increase robustness of speech processing applications is to equip them with a noise reduction algorithm. These
algorithms are often applied on a frame-by-frame basis in the Fourier
domain, e.g., by using the discrete Fourier transform (DFT) as in
[1]. One of the most well-known estimators for DFT-based speech
enhancement is the Wiener ﬁlter [2], which is the optimal linear
mean-squared error (MSE) estimator of the complex speech DFT
coefﬁcients as well as the optimal non-linear Bayesian MSE estimator when the distribution of speech and noise DFT coefﬁcients is
Gaussian. Based on the argumentation that the phase of speech DFT
coefﬁcients is less important than its magnitude, it was proposed
in [1] to estimate the magnitude-DFT (MDFT) instead of complexDFT coefﬁcients. The resulting estimator is non-linear and was derived by minimizing the Bayesian MSE of the MDFT coefﬁcients
while assuming that speech and noise DFT coefﬁcients are Gaussian distributed. More recently, based on histograms of speech DFT
coefﬁcients, Bayesian MSE estimators have been proposed under
super-Gaussian instead of Gaussian distributions for both MDFT and
complex-DFT estimators, e.g., [3][4][5].
Considering the development outlined above, it is remarkable
that the linear MSE MDFT estimator is missing in this line of development. Clearly, non-linear MSE estimators lead to an equal or
lower MSE than linear estimators. However, due to the lacking existence of the linear MSE MDFT estimator, some theoretical questions
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We assume that the noisy microphone signal consists of clean speech
degraded by additive noise. Further, we assume that the speech and
noise process are independent. Let Y (k, i) be a noisy DFT coefﬁcient for a frequency-bin k and time-frame i. Due to linearity of the
Fourier transform and the assumed additive noise model it holds that
Y (k, i) = X(k, i) + N (k, i),

(1)

where X and N are the clean speech and noise DFT coefﬁcient,
respectively. The DFT coefﬁcients Y , X and N are assumed to
be complex zero-mean random variables statistically independent
across time and frequency. We will use uppercase letters to denote
random variables and the corresponding lowercase letters for their
realizations. Since all expressions in this paper are per time-frame
i and frequency bin-index k, we will leave out these indices for notational convenience. For mathematical convenience we use a polar
jΘ
domain notation for the random
√ variables Y and X, i.e., Y = Re
jΦ
and X = Ae , where j = −1.
Based on histograms of speech DFT coefﬁcients published in [5]
we assume that the speech DFT-phase Φ is uniformly distributed and
independent from the DFT-magnitude A. To be in line with the fact
that speech DFT coefﬁcients are super-Gaussian distributed, see e.g.,
[4], we model the speech MDFT coefﬁcients with the generalizedGamma distribution given by
fA (a) =

γβ ν γν−1
exp(−βaγ ), β > 0, ν > 0, a ≥ 0,
a
Γ(ν)

(2)
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2
where we set γ = 2 from which it follows that β = ν/σX
, with
2
σX
= E |X|2 [5]. Whether the distribution of speech DFT coefﬁcients is super-Gaussian depends on the parameter ν in Eq. (2). For
0 < ν < 1, the distribution of X is super-Gaussian and for ν = 1
the distribution of X is complex Gaussian.
The noise DFT coefﬁcients are assumed to have a complex zeromean Gaussian distribution. This is based on the fact that the timespan of dependency [6] is relatively low for many noise sources,
see e.g., [4]. Based on this distributional assumption, together with
the assumed independence of speech and noise DFT coefﬁcients, it
follows that the distribution fR|A (r|a) is given by

 2
 

2ar
2r
r + a2
I0
,
(3)
2 exp −
2
2
σN
σN
σN


2
= E |N |2 and I0 (·) is the modiﬁed Bessel function of
where σN
the ﬁrst kind and order zero.
Further, we use the terms a priori SNR and a posteriori SNR,
2
2
2
deﬁned as ξ = σX
/σN
and ζ = r 2 /σN
, respectively.
fR|A (r|a) =

Let η and ρ be deﬁned as η = ν(ν + ξ)−1 and ρ = ξ(ν + ξ)−1 ,
respectively. Using [9, Eqs. 6.643.2 and 9.220.2], we obtain
fR (r) = 2re

2
− r2

σ
N

ην
M (ν, 1, ζρ) ,
2
σN

(9)

with M the conﬂuent hypergeometric function [9]. Substitution of
Eq. (9) into Eq. (7), followed by using [9, Eq. 7.621.1] leads to
E [R] = Γ(3/2)η ν σN F (3/2, ν, 1, ρ) ,

(10)

where F(a, b, c, d) and Γ (·) denote the hypergeometric and Gamma
function [9], respectively.
The ﬁrst order moment of A can be computed as
 ∞
E [A] =
afA (a)da.
(11)
0

Substitution of Eq. (2) into Eq. (11) followed by using [9, Eq.
3.381.4] leads to
√
E [A] = Γ(ν + 1/2)σX /(Γ(ν) ν).
(12)

3. LINEAR MAGNITUDE-DFT ESTIMATORS

The cross-correlation between A and R is given by
 ∞ ∞
arfR|A (r|a)fA (a)drda.
E [AR] =

The linear estimator Â of A with a possibly non-zero mean is given
by [7, Ch. 2]
Â = GR + m,
(4)

0

(13)

0

with G ∈ R and m ∈ R. Notice that strictly speaking this estimator is not linear, but afﬁne, due to the shift m. However, the
estimator can always be mapped to a linear estimator using a translation. Let the MSE between A and Â be deﬁned as h(G, m) =
E[|A − Â(G, m)|2 ]. Since magnitudes are non-negative by deﬁnition, the estimator needs to satisfy the constraint Â ≥ 0. This leads
to the following optimization problem

Substitution of Eqs. (2) and (3) into Eq. (13), followed by using [9,
Eqs. 6.643.2 and 7.621.1] leads to


2
1
Γ(3/2)Γ(ν + 12 )σN
1 3

E [AR] =
η ν+ 2 F ν + , , 1, ρ . (14)
2 2
Γ(ν) ν/ξ

min h(G, m) subject to Â ≥ 0.

The linear MDFT estimator is given by substitution of Eqs. (10), (12)
and (14) into Eq. (6), that is

G,m

(5)

Using the Karush-Kuhn-Tucker conditions for constrained optimization [8] the following solution is obtained,


E [AR] − E [R] E [A]
Â = max
(R − E [R])+E [A] , 0 . (6)
2
E [R2 ] − E [R]
The estimator in Eq. (6) is dependent on the the ﬁrst and second
moments of A and R, and the cross-correlation E [AR]. Similar
as for the Wiener ﬁlter, the estimator in Eq. (6) can be written as a
function of the second order moments of the speech and noise DFT
coefﬁcients only. However, to do so, it is not sufﬁcient to make use
of the assumptions that speech and noise are additive and independent, as is sufﬁcient for the Wiener ﬁlter. In addition it is necessary
to make assumptions on the actual distributions of the speech and
noise DFT coefﬁcients. In the following subsections, expressions
for E [R], E [A] and E [AR] will be derived.
3.1. Computing E [R], E [A] and E [AR]
The ﬁrst order moment of R can be computed as
 ∞
E [R] =
rfR (r)dr.

(7)

The distribution fR (r) is given by

fA (a)fR|A (r|a)da.
fR (r) =

(8)

0

A
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3.2. Linear Magnitude-DFT Estimator

Â = max (GR + m, 0) ,
with G and m given by
G=

η ν Γ( 23 )Γ(ν + 12 )

Γ(ν) ν/ξ

(15)

√
ηF(ν + 12 , 32 , 1, ρ) − F( 32 , ν, 1, ρ)
,

2
ξ + 1 − Γ( 32 )η ν F( 32 , ν, 1, ρ)
(16)

and
m=

Γ(ν + 1/2)σX
√
− GΓ(3/2)η ν σN F(3/2, ν, 1, ρ).
Γ(ν) ν

(17)

From Eqs. (15)-(17) we see that the ﬁnal estimator is a function of the a priori SNR ξ, and the ν-parameter, which speciﬁes
the assumed distribution for the magnitude-DFT coefﬁcients. Notice
that in contrast to the linear MSE complex-DFT estimator, the linear
MSE MDFT estimator is dependent on the assumed distribution for
the speech DFT coefﬁcients via the parameter ν.
To compute the linear estimator, several special functions have
to be evaluated (the hypergeometric function and the Gamma function). However, this is not necessarily an issue, since in practical
systems the gain function is often tabulated. Notice that for a given
ν-value, this estimator only needs tabulation of the function G in
Eq. (16) and the last term in Eq. (17), i.e., F(3/2, ν, 1, ρ). Both
are a function of only one parameter, namely the a priori SNR ξ.
Therefore, this estimator requires signiﬁcantly less memory as compared to the gain functions of the estimator in e.g., [1][5], which are
a function of both a priori SNR and a posteriori SNR.
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where xt (i) and x̂t (i) denote time-frame i of the clean speech signal
xt and the enhanced speech signal x̂t , respectively, and T (x) =
min{max(x, −10), 35}.
In Figs. 1 and 2 the linear and non-linear estimator are compared in terms of segmental SNR and PESQ, respectively. The performance loss in terms of segmental SNR and PESQ is slightly dependent on the input SNR, but generally less than 0.2 dB segmental
SNR and less than 0.03 points in terms of PESQ.
For comparison: the performance loss that is obtained when assuming speech DFT coefﬁcients to be Gaussian distributed instead
of super-Gaussian distributed with ν ≈ 0.1 is around 1.4 dB segmental SNR and 0.2 points in terms of PESQ for both the linear and
the non-linear estimators. Therefore, it is to be expected that the difference between the linear and non-linear estimator is perceptually
insigniﬁcant in comparison to the difference that is obtained by using
estimators based on super-Gaussian instead of Gaussian priors.
Fig. 3 shows a similar comparisons in terms of segmental SNR
and PESQ for speech degraded by passing train noise. Similar as for
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Fig. 2. PESQ scores for non-linear estimator (solid line), linear estimator (dashed line), and the noisy data (dash-dotted line) for speech
degraded by white Gaussian noise at an input SNR of (a) 0 dB (b) 5
dB (c) 10 dB (d) and 15 dB.
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To analyse to which extend the performance of MSE MDFT estimators depends on the chosen speech prior or on the non-linearity of
the estimator, we ﬁrst present objective simulation experiments and
compare the presented linear MSE MDFT estimator with the nonlinear MSE MDFT estimator presented in [5].
For evaluation we use more than 7 minutes of Danish speech
spoken by 9 female and 8 male speakers. The speech signals were
degraded by train noise and computer generated white noise at input
SNRs of 0, 5, 10 and 15 dB. All signals are sampled at a frequency
of fs = 8 kHz and start with a noise-only period of 0.5 seconds. All
algorithms use the ﬁrst 0.1 seconds for initialization, which is therefore excluded in performance measurements. The time-frames have
a length of K = 256 samples with 50% overlap, and are windowed
using a square-root-Hann window. Estimation of the speech PSD is
performed using the decision-directed approach [1]. For noise PSD
estimation we use the method presented in [10].
For evaluation we use PESQ [11] and segmental SNR deﬁned as
1
I
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3

4. OBJECTIVE EVALUATION
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Fig. 1. Segmental SNR for non-linear estimator (solid line), linear
estimator (dashed line), and noisy data (dash-dotted line) for speech
degraded by white Gaussian noise at an input SNR of (a) 0 dB (b) 5
dB (c) 10 dB (d) and 15 dB.
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Fig. 3. (a)-(b) segmental SNR and (c)-(d) PESQ scores, for nonlinear estimator (solid line), linear estimator (dashed line), and noisy
data (dash-dotted line) for speech signals degraded by train noise at
an input SNR of (a) 0 dB (b) 10 dB (c) 0 dB (d) 10 dB.

white Gaussian noise, the performance loss of using a linear instead
of non-linear estimator for this non-stationary noise source is less
than 0.2 dB segmental SNR and 0.03 points in terms of PESQ.
5. SUBJECTIVE EVALUATION
From the objective evaluation in Sec. 4 the following two hypotheses
can be conducted. At ﬁrst, the performance loss due to using the linear instead of the non-linear estimator, is negligible. Secondly, the
performance of the linear and the non-linear MSE MDFT estimator when derived under the assumption that speech DFT coefﬁcients
are super-Gaussian distributed have a better performance than when
these estimators are derived under the assumption that speech DFT
coefﬁcients are Gaussian distributed. To verify these two hypotheses, a Mushra-like [12] listening test is performed with two male and
two female sentences, degraded by white noise at input SNRs of 5
dB and 10 dB. The number of participants in the listening test was
six, the authors not included. The listeners were presented the original clean signal as a reference signal, and six blind signals. Among
these six signals were the clean signal, the noisy signal as an an-

(a)

there is no statistical signiﬁcant difference between the non-linear
and linear MSE magnitude DFT estimators. On the other hand, both
the linear and the non-linear MSE MDFT estimators show a statistical signiﬁcant improvement when using super-Gaussian instead
of Gaussian prior distributions for the speech DFT coefﬁcients. It
can therefore be concluded that the performance of magnitude-DFT
MSE estimators mainly depends on the chosen speech prior and not
so much on the linearity or non-linearity of the estimator.
Besides the similar performance of non-linear linear MSE
MDFT estimators, the linear MSE MDFT estimators have some
potential practical advantages. More speciﬁcally, when tabulating
the estimators for use in a practical system, the presented linear
estimator requires signiﬁcantly less memory as compared to the
non-linear MSE MDFT estimators.
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Fig. 4. Listening test results for input SNR of (a) 5 dB (b) 10 dB.

chor, the non-linear MSE MDFT estimator derived under a superGaussian distribution with ν = 0.2 abbreviated as NL-SG, the nonlinear MSE MDFT estimator derived under a Gaussian distribution
abbreviated as NL-G, the linear MSE MDFT estimator derived under
a super-Gaussian distribution with ν = 0.2 abbreviated as L-SG and
the linear MSE MDFT estimator derived under a Gaussian distribution abbreviated as L-G. The participants were asked to compare the
blind signals with the clean reference signal in terms of quality and
score them between 0 (poor) and 100 (excellent) quality. The order
in which the participants were presented the speech signals, as well
as the order of the blind signals per subject, were randomized.
The results of this listening test, averaged over all participants
and signals, in combination with the 95 % conﬁdence intervals, are
shown in Fig. 4. With respect to the non-linear versus the linear
MSE estimators it follows that the NL-SG and the L-SG processed
signals, as well as the NL-G and the L-G processed signals were
given approximately the same score, i.e., less than 1 point difference
on a scale of 100. At the same time, both super-Gaussian based
estimators, i.e, NL-SG and L-SG, were ranked approximately 16
points higher than the Gaussian based estimators, i.e., NL-G and LG. These results acknowledge the aforementioned two hypotheses.
To verify the statistical signiﬁcance of the listening test, a paired
t-test for two dependent samples [13] is applied. From this statistical
analysis it follows that at both input SNRs and for both the linear
and the non-linear MSE MDFT estimator, the super-Gaussian based
estimators have a signiﬁcantly better performance than the Gaussian
based estimators at a signiﬁcance level of α = 5·10−5 . This is an acknowledgement of earlier ﬁndings on the improved performance of
super-Gaussian based estimators over Gaussian based estimators for
speech enhancement. Further, it follows that the linear and the nonlinear MSE estimators are indeed not signiﬁcantly different. This
holds for both the situation that speech DFT coefﬁcients are assumed
to be Gaussian distributed and when speech DFT coefﬁcients are assumed to be super-Gaussian distributed.
6. CONCLUDING REMARKS
In this paper linear magnitude-DFT (MDFT) MSE estimators for
speech enhancement are presented. In contrast to linear complexDFT MSE estimators, these linear estimators do depend on the assumed distribution of the speech DFT coefﬁcients. Therefore, for a
certain distribution of the speech DFT coefﬁcients, a linear as well
as a non-linear MSE MDFT estimator can be obtained.
Based on objective experiments it can be concluded that the loss
that is obtained by using the linear MSE MDFT estimators instead
of non-linear MSE MDFT estimators is negligible. This is further
investigated with a listening test, from which it indeed follows that
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